The physics of high frequency electromagnetic waves in a general relativistic plasma with the Schwarzschild metric is studied. Based on the 3 + 1 formalism, we conformalize Maxwell's equations. The derived dispersion relations for waves in the plasma contain the lapse function in the plasma parameters such as in the plasma frequency and cyclotron frequency, but otherwise look "flat." Because of this property this formulation is ideal for nonlinear self-consistent particle (PIC) simulation. Some of the physical consequences arising from the general relativistic lapse function as well as from the effects specific to the plasma background distribution (such as density and magnetic field) give rise to nonuniform wave equations and their associated phenomena, such as wave resonance, cutoff, and mode-conversion. These phenomena are expected to characterize the spectroscopy of radiation emitted by the plasma around the black hole. PIC simulation results of electron-positron plasma are also presented.
I. INTRODUCTION
There is ample evidence that a black hole is involved in a variety of astrophysical phenomena such as γ-ray bursts [1] and AGN jets [2] . Yet plasma physics in a fully general relativistic framework is in its infancy, mainly in a cosmological metric [3, 4] and quite recently a magnetohydrodynamic study [5, 6] . Here we are interested to start looking into the spectroscopic signatures of radiation emitted from a plasma around a black hole. It has been known [7] that corpuscular orbits are unstable within 3 Schwarzschild radii (R s ).
Because of this it has been generally believed that no plasma is present within 3 R s . Recently, however, we have demonstrated [6] that the (collisional) gas dynamics is different from the corpuscular orbital dynamics and thus that magnetohydrodynamic equilibria that hold plasma between the horizon (1R s ) and 3R s (as well as beyond) do exist. It is here that strong general relativistic plasma effects are particularly severe and that perturbative post-newtonian approaches [8] are inadequate.
MacDonald and Thorne [9, 10] have introduced Maxwell's equations in 3 + 1 coordinates, which provides a foundation for formulation of a GR set of plasma physics equations. In Sec. II, we conformalize this 3 + 1 set of equations, so they can be transformed into terms completely analogous to Maxwell's equations. In Sec. III, the transformations which compose the conformalization are used to write the dispersion relation for a positron-electron plasma in new terms. Section IV discusses resonance and cutoff points, applying the results of Secs. II and III to show the effect of a strong gravitational field on the existence of these points. A 1 2 2 -d particle simulation is also employed to demonstrate the model, and offers unforeseen results when applied to mode conversion. Discussion and summary are given in Sec. V.
II. CONFORMALIZING MAXWELL'S EQUATIONS

A. Derivation of the conformalism
The following summarizes how to conformalize Maxwell's equations from a 3 + 1 Schwarzschild metric. Thorne, Price, and McDonald [10] have given the 3 + 1 solution for Maxwell's equations in the Schwarzschild metric:
(1)
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where the lapse function α signifies the general relativistic effect around a Schwarzschild black hole,
and the time derivative in Eq. (5) is defined
and R s is the Schwarzschild radius. All quantities are measured by a local fiducial observer (FIDO). Thus the vector quantities given are neither covariant nor contravariant. The 4-metric of our coordinates is Momentum and velocity remain unchanged by the conformalism.
These equations are entirely "flat": there are no covariant derivatives and time flows at the same rate regardless of location. The substitutions of Eqs. (27)-(30) map the local quantity to the conformalized "ξ-space" quantity, and Eq. (23) maps the radial coordinate to the conformalized ξ coordinate. Given a plasma in a Schwarzschild metric, properties can be mapped to the conformalized space, solved without general relativistic equations, and mapped back into "real" space.
B. Frequency in the conformalism and observable phenomena
One concern of using the conformalized set of equations is keeping track of how they relate to the real physics that might be observed far from the hole. As r → ∞, α → 1, so the local physics far from the hole is "flat," and the time far from the hole is universal time. The conformalized ξ-space physics is the same far from the hole as the local physics far from the hole. If we model, for example, some phenomena occurring near the hole from which is emitted some observable electromagnetic wave that propagates far from the hole, the frequency in the model is the same as that which would be observed. The main concern is dealing with the proper time, τ , of the phenomenon near the hole, where the effects of time dilation are significant. Since dτ = αdt, then ω τ = α −1 ω t , where ω τ is the locally measured frequency, and ω t is the frequency measured in ξ-space as well as the frequency measured far from the hole. The proper time becomes important when there are physically known frequencies, such as that of electron-positron annihilation, that must be translated into universal time. 
III. THE DISPERSION RELATION
Similarly, the conformalized local cyclotron frequency depends upon both the local magnetic field and the lapse function:
where r(ξ) is the inverse of ξ(r) = r − R s + R s ln(r).
In the conformalized coordinates and variables, therefore, we have a variation in the cyclotron and plasma frequencies entirely due to the presence of the Schwarzschild metric.
Even if the background density and magnetic field were constant with respect to position, the metric would still cause the conformalized cyclotron and plasma frequencies to vary with position. New resonances and cutoffs can appear in the plasma by introducing a strong gravitational field.
High frequency electromagnetic waves in a nonuniform plasma (i.e., ξ-dependent ω p and Ω e ) can be characterized by a local dispersion relation in the WKB sense. The wave vector is chosen to be k = k ξ and the background magnetic field is
where θ is the angle between the B 0 and k. The dispersion relation for the transverse EM wave in an electron-ion plasma is given locally in ξ-space as:
for E 1 = E 1 y, B 1 = B 1 z polarity, and
for 
and for B 0 ⊥ k:
for the E y , B z polarity, and
for the E z , B y polarity. The angle-dependent relation is
for the E y polarity, and
for the E z polarity. Of these equations, only the E y , B z polarity concerns the work of this paper. First we elucidate the properties of the dispersion relation for a uniform plasma (uniform in the ξ-space so that ω p and Ω e are constant in ξ-space, which is not equivalent to the uniformity in real space). Equation (40) 
IV. CUTOFF AND RESONANCE
There are two major types of waves we shall consider, which are the two branches of the electron-positron plasma. The upper branch describes the electromagnetic waves, which are capable of propagating in vacuum. The lower branch is the set of Alfvén waves, the shear Alfvén waves and the compressional Alfvén waves.
As a wave propagates from one region to another, it may enter a region in which it is disallowed, as ω p becomes larger than ω for the electromagnetic waves, or as Ω e becomes too small for a given ω of the shear Alfvén waves. At the point of transition from an allowed to a precluded region, a cutoff or resonance occurs. A cutoff occurs when the index of refraction ( ck ω ) goes to zero. A resonance occurs when the index of refraction goes to infinity.
The presence of a strong Schwarzschild background affects, through the spatial coordinate dependent lapse function, how and whether or not a cutoff or resonance occurs for the plasma waves near the event horizon.
A. Particle Simulation Code
We developed a 1
particle-in-cell (PIC) code [11] appropriate for simulating selfconsistently electromagnetic plasma phenomena near the event horizon. In Ref.
11, a general discussion on PIC code in a general metric is given. We also employ the absorbing boundary conditions at either end of the box [12] . The PIC code is used instead of a fluid code to study the high-frequency phenomena in a plasma, and to be able to model some of the instabilities which can occur. The main feature of a fluid model is that there is one particular velocity associated with any given point. While this is a useful model that allows modeling of slow large-scale phenomena, it excludes the possibility that there can be several different particles associated with a given point, each with its own velocity. Thus a fluid model cannot be used to study the physics of particle acceleration, for example, which is one of the most interesting expected physics around the event horizon. One of the main objectives of this paper is to study high-frequency EM spectroscopy in which mode conversions between different modes of the plasma, such as between Alfvén waves and electromagnetic waves and their interaction with particles.
That the code is 1 . Any shear Alfvén wave that is approaching the black hole under these conditions will reach a resonance point, since the conformalized cyclotron frequency approaches zero at the event horizon. This resonance point would not occur without the presence of the background Schwarzschild metric.
The graph of Fig. 3a is a graph of the effective density n e0ξ (ξ) vs. ξ. This is a conformalized quantity, and the particle density as measured vs r is a constant. Similarly, Fig. 3b , is a graph of B 0ξ (ξ) vs ξ. This, too, is a conformalized quantity: the physical value of B 0 is a constant with respect to position.In order to obtain physical (i.e., nonconformalized)
quantities, we should convert these conformalized quantities over through Eqs. (27) would show larger amplitude with larger wavenumber toward the left (the event horizon).
C. Cutoff
Another test case considers an electromagnetic wave of the upper branch propagating in a region where the background number density, n 0 (r) = const. This is intended to be purely hypothetical case to aid theoretical discussion, and is not intended to suggest that such a constant background density would likely exist in the environment being discussed near the event horizon. In this case, the plasma frequency varies as ω pξ = α(ξ)
The lapse function, α, increases monotonically with respect to both r and ξ, varying from zero to one. There can be an electromagnetic wave close to the black hole in this scenario of some frequency less than
, which is propagating away from the hole. At the point when ω pξ > ω becomes true, the wave hits a cutoff point, and reflects back towards the hole. A different way of looking at this phenomenon is that the wave heading away from the hole is getting redshifted to a lower and lower frequency, until its frequency is less than the local plasma frequency as measured in non-conformalized coordinates. This phenomenon can occur regardless of the state of the background magnetic field. Figure 5 shows a waves of the upper branch traveling from about ξ = 400 to a cutoff point at ξ = 1100 and reflecting. The conditions for this run are the same as for the previous one, except that we have generated an electromagnetic pulse traveling outward rather than an Alfvén pulse traveling inward. We have graphed E yξ vs ξ, the conformalized transverse electric field. In this conformalized space, the pulse sees the density contour graphed in Fig. 3a , which quickly raises the effective plasma frequency starting at around ξ = 1000, until the effective plasma frequency is too high to allow the wave to propagate further in that direction. The time interval between successive frames is 100ω
D. Mode Conversion
In the more generalized case, a magnetic field of any shape will have a conformalized counterpart which approaches zero at the event horizon, and any density profile will have the same. If we are looking at a background of either of these variables that is very high close to the event horizon, and decreases with the distance from it (assuming that α approaches zero faster than the magnetic field goes to infinity, and that α 2 approaches zero faster than the density approaches infinity), we will see a region in which these conformalized background quantities have a maximum, and approach zero at the event horizon and at infinity. For electromagnetic waves, this means a region in the atmosphere which reflects low frequency waves both back toward the horizon and back away from the hole. For Alfvén waves, this means there is a region near the horizon, but not touching it, where such waves dominate.
Beyond this region, no significant Alfvén waves could propagate.
In this section, we will consider a varying background magnetic field, and a varying background density. These backgrounds are the non-conformalized fields, whose relation to the conformalized fields is expressed in Eqs. (36) and (37). The density n e (r) is assumed to vary as n e (r) ∝ e Figures 6a and 6b show the conformalized density profile and background magnetic field.
There is an Alfvén pulse that will start at ξ = 416, and propagate outward (in the positive ξ direction). The graph in Fig. 7 is a plot of k 2 vs. ξ, for a given constant frequency ω, there is a cutoff point, beyond which the upper branch mode may propagate with n < 1, at the same frequency as the Alfvén mode. An analysis of wave propagation through this mixed resonance/cutoff point has been done by Budden [13] , and is known as a "Budden turning point."
The WKB wave equation here is
and k 2 (ξ) can be approximated as
where intervals. The condition for an Alfvén pulse is v ph < c, which can also be written as
At t = 0.0 ω This mechanism for mode conversion allows the observation of possible signatures of Alfvén mode events near a black hole, by permitting the emission of a corresponding electromagnetic pulse, that may propagate into vacuum, i.e. interstellar space and eventually to our eye. Behavior near a suspected black hole can be modeled via our conformalism, and the model can make a prediction about possible observable behavior far from the hole.
E. Bursty Acceleration out of a Black Hole Atmosphere
Particle acceleration possibly triggered from a violent motion of matter near the event horizon may be simulated with this computational model. Without going into specifics (to be published elsewhere), we can imagine a situation where accreting matter [14] interacts with the magnetic field of the blackhole magnetosphere [15] and this accreting mass motion can trigger Alfvén wave pulse(s). This situation is a bit similar to that considered for (compressional) Alfvén wave acceleration around a neutron star [16] . The initial setup is similar to the mode conversion discussed in the previous subsection. The main difference is that the Alfvén pulse is a solitary wave, with the typical sech 2 (ξ − v gr t)) profile. (It is imperfectly generated, so part of the initial pulse travels toward the horizon on the left side of the grid, and bounces of the reflective boundary condition there. This is because the frequency of this "wave" is broad banded and instantaneous wave turn-on is difficult. The physics of interest is elsewhere on the grid, and the secondary pulse does not change the qualitative results.) Figure 10 shows the scaling of the conformalized background parameters, and Figs. 11 and 12 show the progress of the initial pulse and the attendant particle acceleration. Figure 11 graphs the transverse magnetic field, and shows the pulse propagating to the right, to eventually encounter a broad-band resonance near the middle of the grid, from ξ ≈ 1500 to ξ ≈ 2500, (the pulse has a large bandwidth, and individual frequencies of the pulse hit resonance over a large range of positions). To the left of this resonance, the solitary wave is a shear Alfvén wave. To the right, the pulse penetrates the resonance and becomes an electromagnetic pulse, the wake of which has trapped some particles and has accelerated them to relativistic velocities. In Fig. 11b , the pulse can be seen splitting (a distinctive double peak at ξ ≈ 1500, the left half of the peak is the Alfvén mode, where |B| > |E|, and the right half is the EM mode, where |E| ≈ |B|. Figure 12 shows the P ξ vs ξ phase space. As the pulse propagates away from the hole, the momentum of the particles trapped with it increases significantly, reaching relativistic speeds. The mechanism for such solitary wave acceleration is discussed by Rau et al. [17] .
V. CONCLUSION
We have developed a conformalism for general relativistic plasma physics that greatly simplifies the dynamical study in a strong Schwarzschild background and a simulation model p . The acceleration of a significant fraction of the plasma is evident. The "looping" of the phase space in the later graphs indicates particle trapping, as the particles oscillate within their accelerating potential well.
